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ON MONOTONIC STRENGTHENING OF NEWMAN-LIKE
PHENOMENON ON (2m+ 1)-MULTIPLES IN BASE 2m
VLADIMIR SHEVELEV
Abstract. We obtain exact and asymptotic expressions for the excess
of (2m + 1)-multiples with even digit sums in the base 2m on interval
[0, (2m)k).
1. Introduction
Consider a Newman-like digit sum
(1) S2m+1,0,2m(x) = S
(m)(x) =
∑
0≤n<x:n≡0mod(2m+1)
(−1)σ(n)
where σ(n) = σ2m(n) is the sum of digits of n in the representation of n
in the base 2m.
We prove the following results
Theorem 1.
(2) S(m)((2m)k) =
{
2
2m+1
∑m
l=1
(
tan pil
2m+1
)k
, if k is even
2
2m+1
∑m
l=1
(
tan pil
2m+1
)k
sin 2pil
2m+1
, if k is odd
.
Theorem 2. For an m ∈ N, xk = xm,k = (2m)k, we have
(3) S(m)(xk) ∼
{
2
2m+1
xαk , if k is even
2
2m+1
(sin pi
2m+1
)xαk , if k is odd (k →∞)
where
(4) α = αm =
ln tan mpi
2m+1
ln(2m)
=
ln cot( pi
4m+2
)
ln(2m)
.
In particular, in the case of m = 1 we obtain the Gelfond-Newman con-
stant α1 =
ln 3
ln 4
(see [1], [3]). Further, we have α2 = 0.810922 . . . , α3 =
0.824520 . . . , α4 = 0.834558 . . . , α5 = 0.842306 . . .. Note, that
1991 Mathematics Subject Classification. 11A63.
1
STRENGTHENING OF NEWMAN PHENOMENON 2
(5) 1− ln
pi
2
ln(2m)
< αm < 1
and αm tends to 1. Indeed, we have
sin
pi
8m+ 4
>
√
2
2
· 4
pi
· pi
8m+ 4
=
√
2
4m+ 2
and
sin
pi
2m+ 2
>
√
2
2m+ 1
.
Therefore,
4m
pi
<
4m+ 2
pi
(
1− 1
(2m+ 1)2
)
< cot
pi
4m+ 2
<
√
2(m+ 1)
and (5) follows from (4).
Theorem 2 allows as in [4] to obtain the sharp estimations for S(m)(x).
2. Lemmas
Lemma 1.
S(m)((2m)k) =
1
2m+ 1
2m∑
l=0
k−1∏
j=0
(
1− ωl(2m)j + ω2l(2m)j − . . .− ω(2m−1)l(2m)j
)
,
where
ω = ω2m+1 = e
2pii
2m+1 .
Proof. The right hand side evidently equals to
1
2m+ 1
2m∑
l=0
(2m)k−1∑
r=0
(−1)σ(r)ωlr = 1
2m+ 1
(2m)k−1∑
r=0
(−1)σ(r)
2m∑
l=0
(ωl)r =
=
1
2m+ 1
(2m)k−1∑
r=0
(−1)σ(r) ·
{
0, if r is not a multiple of 2m+ 1
2m+ 1, if r is a multiple of 2m+ 1
=
(2m)k−1∑
r=0,(2m+1)|r
(−1)σ(r) = S(m)((2m)k).
Lemma 2.
ωl − 1
ωl + 1
= i tan
pil
2m+ 1
, l = 1, 2, . . . , 2m.
Proof. Straightforward, after some quite elementary transformations.
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3. Proof of Theorem 1
Using Lemma 1 and noticing that
(2m)j ≡ (−1)j(mod(2m+ 1))
we have
S(m)((2m)k) =
=


1
2m+1
2m∑
l=0


(
2m−1∑
j=0
(−1)jωlj
) k
2
(
2m−1∑
j=0
(−1)jω−lj
) k
2

 , if k is even
1
2m+1
2m∑
l=0


(
2m−1∑
j=0
(−1)jωlj
) k+1
2
(
2m−1∑
j=0
(−1)jω−lj
) k−1
2

 , if k is odd
=
=


1
2m+1
2m∑
l=0
(
1− 1
ωl
1+ωl
· 1−ωl
1+ 1
ωl
)k
2
, if k is even
1
2m+1
2m∑
l=0
(
1− 1
ωl
1+ωl
· 1−ωl
1+ 1
ωl
)k−1
2
(
1− 1
ωl
1+ωl
)
, if k is odd
=
=


1
2m+1
2m∑
l=1
(−1) k2
(
1−ωl
1+ωl
)k
, if k is even
1
2m+1
2m∑
l=1
(−1) k+12
(
1−ωl
1+ωl
)k
ω−l, if k is odd
.
Using Lemma 2 we find
S(m)
(
(2m)k
)
=


1
2m+1
2m∑
l=1
(
tan pil
2m+1
)k
, if k is even
1
2m+1
2m∑
l=1
(
tan pil
2m+1
)k
iω−l, if k is odd.
Finally, notice that for l = 1, 2, . . . , m we have
tan
pil
2m+ 1
= − tan pi(2m− (l − 1))
2m+ 1
,(
tan
pil
2m+ 1
)
iω−l − tan pi(2m− (l − 1))
2m+ 1
iω−(2m−(l−1)) =
= i
(
tan
pil
2m+ 1
)(
ω−l − ωl) = 2 tan pil
2m+ 1
· sin 2pil
2m+ 1
,
and the theorem follows 
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4. Proof of Theorem 2
Choosing the maximal exponent in (2) we find for k →∞
S(m)
(
(2m)k
) ∼
{
2
2m+1
(
tan mpi
2m+1
)k
, if k is even
2
2m+1
sin 2pim
2m+1
(
tan mpi
2m+1
)k
, if k is odd
It is left to notice that if
lnS(m)
(
(2m)k
) ∼ k ln tan mpi
2m+ 1
= ln
(
(2m)kα
)
then the number α = αm is defined by (4). 
Remark 1. 1. Notice that, S(m)(2m) = 1. For k ≥ 2, using an equivalent
representation
S(m)
(
(2m)k
)
=


2
2m+1
m−1∑
λ=0
(
cot (2λ+1)pi
4m+2
)k
, if k is even
2
2m+1
m−1∑
λ=0
(
cot (2λ+1)pi
4m+2
)k
sin 2pi(m−λ)
2m+1
, if k is odd
and considering
mσ∑
λ=0
+
m−1∑
λ=mσ+1
with 0 < σ < 1, it is easy to obtain an
interesting formula for m→∞ (and a fixed k ≥ 2)
S(m)
(
(2m)k
) ∼
{
2k(2k−1)
pik
ζ(k)mk−1, if k ≥ 2 is even,
2k(2k−1−1)
pik−1
ζ(k − 1)mk−2, if k ≥ 3 is odd,
or in terms of the Bernoulli numbers,(see,e.g.[6])
S(m)
(
(2m)k
) ∼
{
22k−1(2k − 1) |Bk|
k!
mk−1, if k ≥ 2 is even,
22k−2(2k−1 − 1) |Bk−1|
(k−1)!
mk−2, if k ≥ 3 is odd.
E.g., for k = 4, |B4| = 130 , therefore,
S(m)
(
(2m)4
) ∼ 27 · 15
24 · 30m
3 =
8
3
m3,
while exactly we have a polynomial
S(m)
(
(2m)4
)
=
2m
3
(4m2 + 6m− 1).
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Remark 2. If k is even then 2m+1
2
S(m)((2m)k) is the k-th power sum of the
roots of the polynomial
m∑
r=0
(−1)r
(
2m+ 1
2r
)
x2m−2r = 0.
Indeed, all roots of this polynomial are: tan pil
2m+1
, l = 1, 2, . . . , m.
(cf.[5]). Using the Littlewood formula for the power sum in a determi-
nant form [2], it is easy to see that 1
2
S(m)((2m)k) is a polynomial of degree
k − 1 with the integer values for m ∈ N. Thus, S(m)((2m)k) always is even
for even k.
What could say about the case of an odd k?
Remark 3. As an additional corollary, for even k we have
Bk =
(−1) k2−1k!
22k(2k − 1) detA,
where A = {aij} is k × k matrix with 3k2−4k+44 zeros with the following
nonzero elements: aj,j+1 = 1, j = 1, 2, . . . , k−1; at,t−(2l−1) = (−4)
l
(2l−δ
l,⌊ t+12 ⌋)!
, l =
1, 2, . . . , ⌊ t
2
⌋, t = 2, 3, . . . , k, where δi,j is the Kronecker symbol.
For example,
B4 = − 24
256 · 15
∣∣∣∣∣∣∣∣
0 1 0 0
−4 0 1 0
0 −2 0 1
8
3
0 −2 0
∣∣∣∣∣∣∣∣
=
1
160
∣∣∣∣∣∣
−4 1 0
0 0 1
8
3
−2 0
∣∣∣∣∣∣ =
= − 1
160
∣∣∣∣−4 18
3
−2
∣∣∣∣ = − 1160 · 163 = − 130 .
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